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REDUCTIVITY AND THE AUTOMORPHISM GROUP
OF LOCALLY COMPACT GROUPS

BY

DONG HOON LEE

ABSTRACT. In this paper, we study reductivity of locally compact groups
and its effect on the automorphism group and generalize the classical results on
the automorphism group of analytic semisimple groups on the one hand and of
compact groups on the other.

1. Introduction. A locally compact group G is said to be reductive if the first
cohomology group H!(G, V) = 0 for any continuous finite-dimensional real G-
module V. Here the cohomology group is that of Eilenberg-Mac Lane based on the
continuous cochains. As we shall see later, this is equivalent to the statement that
every finite-dimensional real G-module is semisimple. In this sense, a compact group
is reductive and a semisimple analytic group is also reductive. In his early work [7],
Iwasawa proved that if G is a compact group, then the identity component of the
automorphism group of G consists of the inner automorphisms induced by the ele-
ments of the identity component of G. In this work, we study the reductivity of
locally compact groups and its effect on their automorphism groups. More specifi-
cally,we are mainly concerned with establishing Iwasawa’s result for reductive groups.
In §2, we examine some of the properties of reductive groups. For example, a
characterization of compactly generated reductive groups in terms of conjugacy
classes of homomorphisms into Lie groups is given (Theorem 1). In §3, we investi-
gate basic structures of connected reductive groups for later use, and §4 establishes
Iwasawa’s result for any connected reductive groups. Finally,in §5 we generalize
Iwasawa’s result to a locally compact group which is an extension of a semisimple
group by a compact group.

Throughout this paper, we adopt the following notation. For any topological
group G, G, will denote the identity component of G and Z(G) will denote the
center of G.

2. Reductivity of locally compact groups.

(2.1) Let G be alocally compact group. By a continuous G-module, we mean
a Hausdorff topological vector space ¥ over the field R of real numbers together
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with a G-module structure such that the corresponding map (x,v) —x * v: G x
V — V is continuous, and the map v — x + v: ¥ — V is a linear automorphism
of V, for every x €G.

A continuous G-module V is called semisimple if every submodule is a di-
rect G-module summand of V.

For two G-modules ¥ and W, the topological vector space Homg (V, W)
can be made into a continuous G-module, if we define the action of G on
Homp(V, W)by (x * f)() =xf(x~! cv) forall x €G, fE€ Hom (¥, W) and
v E V. If we denote by ¥ C the subspace of a G-space V consisting of all the ele-
ments v € ¥V with x + v = v for all x € G, then Homg (¥, W)€ consists of all the
R-linear maps commuting with the action of G.

(2.2) A locally compact group G is called reductive if H*(G, V') = 0 for
every finite-dimensional continuous G-module. Here the cohomology group is
that of Eilenberg-Mac Lane based on continuous cochains. For a detailed discus-
sion, see Mostow [11]. These cohomology groups reduce to the Van Est coho-
mology groups when G is a Lie group and to the Eilenberg-Mac Lane groups when
G is discrete. For any continuous G-module ¥, we may compute HP(G, V)
from the complex of the nonhomogeneous cochains for G in V. Thus H%(G, V)
may be identified with ¥ C, and H'(G, V) is isomorphic, as a topological vector
space, with the quotient space of the space Z!(G, V) of all continuous crossed
homomorphisms of G into ¥ (topologized by the compact-open topology) mod-
ulo the subspace B(G, V') consisting of the maps of the form x —xv — v,
where v € V.,

(2.3) The following justifies our term “reductivity.”

PROPOSITION 1. Let G be a locally compact group. Then G is reductive
if and only if every finite-dimensional continuous G-module is semisimple.

PROOF. Let G be reductive, and let 0 — ¥ — W —> U — 0 be an exact
sequence of finite-dimensional continuous G-modules. We prove that this se-
quence splits as G-modules. To do this, we consider the exact sequence of G-
modules

0 — Homg (U, V') — Homg (U, W) L Hom, (U, U) — 0
(see (2.1)). This short exact sequence induces the cohomology exact sequence
0 — H°(G, Homy (U, V)) — H°(G, Hom,(U, W))
— H%(G, Homg (U, U)— H!(G, Homgp (U, V)) —> +-- .

By hypothesis, H!(G, Homg (U, V)) =0 whlle H(G, Hom g(U, W)) =
Hom, (U, W)%, etc. Thus Hom (U, W)C = AN Hom,, (U, U)¢ is surjective, and
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if we choose ¢ € Hom,, (U, W)C such that 7*(0) = 1y, then w + 0 = 1, proving
the assertion.

Now assume that G is a locally compact group such that every finite-di-
mensional continuous G-module is semisimple. We first note that any continuous
homomorphism of G into R is trivial. This follows from the simple fact that
there is a 2-dimensional space on which R acts unipotently and that this together
with a nontrivial homomorphism into R would give a nonsemisimple G-module.

Now to prove the reductivity of G, let fE€E Z ‘(G, V'), where V is a finite-
dimensional continuous G-module. Let W = ¥V @ R and we make W into a con-
tinuous G-module by defining the action of Gon Wby x « (v,\) = (x * v +
A f(x)), ) forx € G and (v, \) €EW. Since V = V + {0} is a G-submodule of
W of codimension 1, semisimplicity of the G-module W implies that there exists a
G-fixed element (v, \) € W with X # 0. Letting vy = — A~ !v, we see that
Wgs — 1) =x(vg, — 1) = (x * vy — f(x), 1), proving that f(x) = xvy — v,.
Hence f € B'(G, V).

(2.4) Below we give a different characterization of a reductive group when
it is compactly generated.

Let G and H be locally compact groups, and let Hom (G, H) denote the
space of all continuous homomorphisms of G into H topologized by the compact
open topology. Then H acts on Hom(G, H) by conjugation. That is, (x * f)}(»)
=xf(y)x~! forx EH,y €G and f € Hom(G, H).

THEOREM 1. Let G be a compactly generated locally compact group. Then
the following are equivalent.
(i) G is reductive.
(i) For any Lie group H, the connected components of the space
Hom(G, H) are exactly the orbits of H,, in Hom(G, H).

PROOF. (i) implies (ii). Let H be a Lie group with Lie aglebra H{ and let
C be a connected component of Hom(G, H). If f € C, then we show that C
is equal to the orbit H; * fof H at f. Let Ad denote the adjoint representation
of H. Then Ad * fis a continuous representation of G in H. Since H!(G, H) =
0, it follows from the result in [8, Theorem 2, p. 359] that H, - fis an open
neighborhood in Hom (G H) and is contained in C. To show that H, - fisalso
closed in C,let f' € H * £, the closure of H,, * f. Then again by the theorem
cited above, H,, « f'is an open nelghborhood of f. Hence Hy-fNH,- f'#
& and consequently Hy « f'=H, + f, proving that f' € H, + fand Hyf=
Hy - f follows. Since C is connected, C = H, * f, proving (ii).

(ii) implies (i). Let V be a finite-dimensional continuous G-module, and let
p: G— GL(V') be the continuous representation of G in ¥ which is associated
with the G-module structure on V. Regarding ¥ as an additive group, we form
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the semidirect product ¥V « GL(V') with respect to the natural action of GL(V)
on V. Then V « GL(V) is a Lie group. For each f € Z}(G, V'), we define f":

G — V + GL(V) by f'(x) = (f(x), p(x)), x €G. Then clearly f' is a continu-
ous homomorphism. We define ¢: Z!(G, V) —Hom(G, V » GL(V)) by ¢(f) =
f'. Then it is easy to see that y is continuous and, since Z!(G, V') is connected
as a topological vector space, Im(yp) is contained in the connected component of
Hom(G, V * GL(V')) which contains the homomorphism x — (0, p(x)), x €G.
By (ii), this component is the orbit of H, at the homomorphism above. Hence
there exists (v, 0) € V * GL(V') such that, for every f € Z!(G, V), we have

(f(x)’ p(x)) = f'(X) = (U(p 0) (0’ p(X)) (voa p)-l
=W =0 px)0"1(vy), 0 - p(x) + 6=1) forall x €G.

Thus f(x) = v, — p(x)v,, proving that f € B(G, V') and H(G, V') = 0 follows.
(2.5) It is clear that a quotient group of a reductive group is reductive.
Also we have the following result.

PROPOSITION 2. Let K be a closed normal subgroup of a locally compact
group G. If K and G/K are both reductive, then so is G. If G is reductive and
if K is of finite index in G, then K is reductive.

A proof of this proposition may be found in [6] in the equivalent form
given in Proposition 1 in (2.3). In fact, the first assertion is Theorem 3.2 on p.
508, and the second assertion follows directly from Theorem 3.3 on p. 509 and
the fact that if X is a normal subgroup of G, then every semisimple G-module is
also semisimple as a K-module (Chevalley [1, Proposition 1, p. 262]).

As an easy consequence, we have

COROLLARY. Let G be a locally compact group such that G/G, is com-
pact. Then G is reductive if and only if G,, is reductive.

PROOF. Suppose that G,, is reductive. Since G/G, is compact, it is reduc-
tive. Hence by Proposition 2, G is reductive. Conversely assume that G is reduc-
tive. Since G/G, is compact, we can find a compact normal subgroup K of G
such that G/K is a Lie group. By the compactness of K, it becomes clear that
the subgroup GoK/K is the identity component of G/K and that G/K is finite
modulo G,K/K. Hence GoK/K is reductive by Proposition 2. Now G, is an
extension of the compact normal subgroup K N G, by Go/K N G, and
Go/K N Gy = G,K/K. Hence, by Proposition 2 again, G, is reductive.

3. The structure of connected reductive groups.
(3.1) Let G be a connected locally compact group and let R(G ) denote the
radical of G (that is, the largest connected solvable normal subgroup of G; see
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[7]). If R(G) = {1}, then we say that G is semisimple. It is easy to see that
G/R(G) is semisimple. Every semisimple group G is a projective limit of semisimple
analytic groups and hence its commutator subgroup is dense in G. We also remark
that a semisimple group is reductive as an extension of a compact group by a semi-
simple Lie group (see Proposition 2).

(3.2) LEMMA. Let A be a totally disconnected normal (hence central) closed
subgroup of a connected locally compact semisimple group G. If G/A is a Lie group,
then so is G.

PrROOF. We note that the lemma is proved in [3, Lemma 2, p. 426] for com-
pact totally disconnected A. Let K be a compact normal subgroup of G so that
G/K is a Lie group. Then there is a canonical continuous isomorphsim G/4 N K
— (G/A) % (G/K) which is an isomorphism of topological groups. Thus G/4A N K
is a Lie group. Since A N K is compact, G itself is a Lie group by what we have
noted in the beginning of our proof.

(3.3) ProrosiTION 3. Let G and H be connected semisimple locally com-
pact groups and let : H — G be a dense embedding. Then ¢ 1s an isomorphism.

PROOF. Assume that H and G are both Lie groups. Then the result follows
from a theorem of Van Est [12, Theorem 2.2.1, p. 324]. Assume now that H
is a Lie group. Then G is necessarily a Lie group. To see this, we note first
that Z(G) N H = Z(H). Hence v induces a dense embedding ¢: H/Z(H) —
G/Z(G). Since H/Z(H) is a semisimple Lie group, its inner automorphism group
is closed in the automorphism group of H/Z(H). Observing that H/Z(H) has the
trivial center, we may apply Theorem 1 of [4, p. 161] to conclude that ¢ is an
isomorphism. In particular, G/Z(G) is a Lie group and then G itself is a Lie
group by Lemma (3.2).

Assume that H is general, and choose a compact normal subgroup K of H
so that H/K is a Lie group. Then ¢ induces a dense embedding ¢: H/K —
G/o(K). By what we have observed above, ¢ is an isomorphism, which implies
that y is an isomorphism.

COROLLARY. Let G be a connected locally compact group with its radical
R(G). If S is a closed connected semisimple normal subgroup of G such that
G/S is abelian, then G = R(G)S.

Proor. First we note that R(G)S = G. To see this, consider the induced
homomorphism G/R(G) — G/R(G)S. Since the codomain is abelian, the kernel
of this homomorphism contains the commutator subgroup of G/R(G). But
G/R(G) is semisimple and hence its commutator subgroup is dense in G/R(G)
(3.1). Therefore this homomorphism is trivial and G = R(G)S foliows. Now the
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induced homomorphism S/S N R(G) — G/R(G) is a dense embedding of a semi-
simple group into another such group. Thus by the preceding proposition, this
embedding is an isomorphism and G = R(G)S as follows.

(34) ProPOSITION 4. Let G be a connected locally compact group. Then
G = R(G)G', where G’ denotes the closure on the commutator subgroup G' of G.

PROOF. Let H denote G’ and consider the radical R(H) of H. Then R(H)
C R(G) and R(G)/R(H) is the radical of G/R(H). Applying the above corollary
to the semisimple subgroup H/R(H) of G/R(H ), we get G/R(H) = R(G)/R(H) *
H/R(H), and hence G = R(G) * H follows.

(3.5) Let G be a connected locally compact group and let {K, } be a
family of compact normal subgroups of G so that each G/K, is a Lie group and
that G = 13_11 G/K, .

LEMMA. If the adjoint representation of each Lie group G/K, is semi-
simple, then R(G) = Z(G),.

ProOF. Let G, denote the Lie algebra of G/K,. Then under the hypothe-
sis each G, is reductive (that is, the adjoint representation of G, is semisimple).
Thus the radical of G, is central in G, , which implies that R(G/K,) is central in
G/K, . Since R(G)K,/K) = R(G/K,) for each A, it follows that [R(G),G] C
N, K, = 1, proving that R(G) is central in G. That Z(G), C R(G) is clear.

REMARK. A group satisfying the hypothesis of the above lemma is termed
as a proreductive group by Moskowitz [10], in which he obtained some of the
important properties of such groups. Of course, our definition of reductivity of
Lie groups requires a much stronger condition than his and every reductive group
is certainly proreductive. However the lemma together with Proposition 4 im-
plies the first part of the following.

PROPOSITION 5. Let G be a connected reductive group. Then
@ G=2(G),* G,
(i) G/G'is compact.

Proor. (ii) follows directly from the fact that Hom(G, R) = 0 if G is
reductive.

4. The automorphism group of connected reductive groups.

(4.1) Let G be a locally compact group and let A(G) denote the group of
all (bicontinuous) automorphisms of G. Then there is a natural topology on
A(G) under which this becomes a topological group. This topology, first intro-
duced by Braconnier (J. Math. Pures Appl. 27 (1948)), is in general stronger than
the so-called compact open topology. However when G is connected (or more
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generally G is compact modulo its identity component), these two topologies on
A(G) are the same (see [13]). Tlus, in this case, a fundamental system of neigh-
borhoods of 1 consists of the set N(C, U) of all 8 € A(G) with §(x)x~! €U
for all x € C, as C and U run over all compact subsets and all 1-neighborhoods
of G, respectively. Throughout we will use A(G) to denote the identity compo-
nent of A(G). The following notation will be also used. For each x € G, I, de-
notes the inner automorphism of G that is induced by x. More generally, if 4 is
a subset of G, then T ;(4) denotes {I,: x EA}. In the case A = G, we simply
write I (G) instead of 1;(G).

(4.2) THEOREM 2. Let G be a connected reductive group. Then Ay(G)
is locally compact and Ay(G) = 1(G).

PROOF. Let K be a compact normal subgroup of G so that G/K is a Lie
group and consider the map ¢,: A,(G) — Hom(G, G/K) which is induced by
the projection ¢: G —G/K. By Theorem 1, I(G/K) ° ¢ is the connected com-
ponent of ¢ in Hom(G, G/K). Since ¢, sends the identity map to o, it follows
that Im ¢, C Int(G/K) * ¢. Thus if § € A (G), then there exists y, € G such
that ¢ « 0(x) = @(y4)¢(x)@(p,)~! for all x €G. We show that 0 is an inner
automorphism.

Let {K,},e be a family of compact normal subgroups with each K, C K
such that G/K, is a Lie group for each A € A and that G is a projective limit of
G/K,. Thus, for each A € A, there exists y, € G such that for x €G, 0(x) =
yaxy,mod K, . Since each K, C K, we have y, xyy! = yoxyg'mod K,
which implies that ¢(yy 1 ¥o) is in the center of G/K. We prove that, for each
A € A, there exists @, € Z(G) such that ¢(a,) = ¢(y5 'y,). To do this, we
first note that G = K + Z;(K'), where Z;(K) denotes the centralizer of K in G
(see [7, Theorem 2, p. 515]). Thus we can find @, € Z;(K) so that ¢(a,) =
@(¥x'yo)- Since K is normal in G, so is Zg(K ) and hence [a,, x] =
axay'x" '€ KNZyK)=Z(K).

If xy, x, €G, then [a,, x,x,] = [a,, x,] [a,, x,]. (This follows from
the fact that Z(K') is in the center of G.) Thus we have a continuous homomor-
phism x — [a,, x] from G into the abelian group Z(K'). Hence the kernel of
this homomorphism contains G and a, centralizes G'. Since G is reductive,
G=2G )? (Proposition 5). Hence a, is central.

Now we have (g,) = ¢(y;* Yo), from which y, a, € y K for each A € A.
Replacing y, by y, a, if necessary, we may assume that Y\ €EyoK. Then the net
(¥\hep in the compact set y K has a converging subnet { Y} with
lim; y,, = y. Then yxy~ = lim(y, xy3")=0(x), proving that 8 =, .

It remains to show that A,(G) is locally compact. We first note that each
0 € A,(G) induces an element § € Ao(G/Z(G)) and that 0 — 8 defines a
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continuous isomorphism A4(G) = I1(G) = A,(G/Z(G)) = 1(G/Z(G)). Since the
domain A,(G) is connected, the local compactness of A,(G/Z(G)) implies our
assertion. Hence without loss of generality we may assume that G has the trivial
center and hence that G is a semisimple group with trivial center (see Proposition
Sin §3). Let K be the maximal compact connected normal subgroup of G . Then
G =K - L where L is the centralizer of K in G [7]. Since G/K is a Lie group
and since K N L = 1, it follows that L is a closed analytic subgroup of G. Con-
sider the continuous homomorphism x: Ay(G) — Ay(K) x Ay(L) which is de-
fined by x(6) = (01, 01,), 0 € Ay(G). Clearly X is an injection. Since AoG)
=1(G), Ap(K) = T(K) and Ay(L) = I(L) by the first part of the theorem, it
is also a surjection. Thus it follows from the connectedness of Ao (G) that x is
an isomorphism of topological groups and Ay(G) is locally compact.

5. Nonconnected reductive groups and A,(G).

(5.1) PROPOSITION 6. Let G be a reductive group such that G/G, is com-
pact. Then 15(G,) is dense in Ay(G).

PROOF. Let 6§ € Ay(G) and consider a neighborhood N(D, U) of 1 in
A(G), where D is a compact subset and U is a neighborhood of 1 in G. Since
G/G, is compact, U contains a compact normal subgroup K of G such that G/K
is a Lie group. Then the natural projection ¢: G — G/K induces a continuous
map ¢,: Ay(G) — Hom(G, G/K) with (1) = 9. By Theorem 1 in §2, we
can find an element i € G, such that ¢ * 6(x) = ¢ * I, (x) for x € G. Thus
I,() bx)"'eKkcUforx€ecC, proving that every neighborhood of @ contains
an inner automorphism, and the assertion follows.

(5.2) Let G be a reductive group such that G/G, is compact, and let A
be the subgroup of A,(G) consisting of 8 such that § = 1 on G,

LEMMA. (i) A is the center of Ay(G).
() I5(Z(Gy)) is dense in A.
(iii) A,(G)=A - 15(Gy).

PrOOF. Consider the restriction homomorphism x: Ay(G) — Ao(G,).
Clearly x is continuous. Since G/G,, is compact, G, is also reductive (by the
corollary in (2.5)). Thus by Theorem 2 in §4, Ao(G,y) = 1(G,) and this implies
that x is surjective. Since A = Ker , (iii) follows immediately.

To show (i), let @ be a central element of Ao(G). Then x(0) = GIGO is
central Ay(G,). But Ay(G,) = 1(Gy) has the trivial center and @ € Ker x = A .
Conversely, let § € A. If h € Gy, 6(hxh™') = 6(h)0(x)0(h)~! = hO(x)h~?
for all x € G, from which we see that 6 + I, =1, * 8, h € G,. Since 14(G,) is
dense in Ay(G ) by Proposition 6 in (4.1), 0 is central in Ao(G). It remains to
prove (ii).
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Let 6 € A and write 6 = lim, 7, with h\ € G,. For any h € G, we
denote byl,? the inner automorphism of G, induced by h. Thus, with this no-
tation, I = x(7,,).

Now we have 15 = x(6) = lim, 1'27\' Since Ay(Gy) = 1(G,) is locally
compact, Go/Z(Gy) = 1(G,). Hence there exists a net {c, }, with ¢, € Z(G,)
such that limy\cy ! = 1in G,. Then we have limyJ,, + T2! = 15. This together
with lim, 1"7\ = § implies that 6 = lim, I‘,A, proving that 8 € 1,(Z(G)).

(53) LEMMA. Let G be a reductive group and let V be a closed normal
vector subgroup of G such that Ay(G/V) = 15,,(Go/V). Then Ay(G) =
15(Gy).

ProoF. By Proposition 5 in (3.5), V is central in G, and by Proposition
6 in (5.1), every 0 € Ay(G) leaves every element of V fixed. For § € Ay(G),
letde A(G/V) be induced by 8. Then § — 8 defines a continuous homomor-
phism Ay(G) — A, (G/V'). By the hypothesis, we see that, for § € Ay(G),
there exists # € G, such that, for each x € G, 8(x) = hxh~'mod V. Let a:
G — V be defined by a(x) = hxh~10(x)"! €V, x €G. Then a € Z!(G, V),
where we regard V as a continuous G-module under the action x * v =
0(x)vd(x)~! for x € G and v € V. Since G is reductive, the cocycle a is a co-
boundary. That is, there exists vy € V so that a(x) = x Vo — Yo. Writing
multiplicatively, we see that hxh~! = v 16(x)v, for all x € G, which implies
that § = I”o" € 145(Gy).

(5.4) Now we are ready to prove the main result of this section.

THEOREM 3. Let G be a locally compact group which is an extension of a
connected semisimple group by a compact group. Then Ay(G) = 15(G,).

Proor. Under the hypothesis, G is reductive and G/G, is compact (Propo-
sition 2 in (2.5)). There exists a compact subgroup C of G so that G = Gy C
[8, Theorem 2.13, p. 421]. Since C acts on the connected abelian group R(G)
by conjugation, we can find a C-invariant closed vector subgroup V of R(G)
such that R(G)/V is compact (see [2, Satz IV, p. 163]). Since ¥ is central in
G, it follows that ¥ is a normal subgroup of G. By Lemma (5.3), we may
assume that R(G) is compact. Let H be a connected closed semisimple normal
subgroup of G such that G/H is compact. Thus we can find closed normal sub-
groups R, and S of G such that both R, and S contain H and that R,/H and
S/H are the radical and the semisimple part of the compact group G,/H, respec-
tively. Clearly G = R(G) + S and S is a connected semisimple group. Let K be
the maximal compact connected normal subgroup of S and let Z s(K') denote the
centralizer of K in S. Then S/K is a Lie groupand S=K + Zy(K), K N Zg(X)
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= Z(K') (see Iwasawa [6]). Let S, denote the identity component of Zg(K).
Then S, is a closed normal subgroup of G and S = KS,. To see this, consider
the (continuous) isomorphism Zg(K)/K * §; N Zg(K) = G/KS,. As Zg(K) is o-
compact, this is an isomorphism of topological groups. Now since KS; N Zg(K)
contains S, ZS(K)/K « §; N Zg(K) is totally disconnected while G/KS, is con-
nected. Hence G/KS, is trivial, which implies that S = KS,. Since /S, N K
= §/K is a Lie group, and since §; N X is contained in Zg(K') N K = Z(K), it
follows from Lemma (3.2) that S, itself is a Lie group. Thus we have the
decomposition Gy = R(G)KS, and Z(G,) = R(G)Z(K )Z(S,)- On the other
hand, A,(G) = 14(G,) follows from the Lemma in (5.2) as soon as we show
I5@G,) = 1(Z(Gy)).

Since R(G)Z(K) is compact, it is hence enough to show that T;(Z(S,)) is
closed in Ay(G). Indeed, we show that T;(Z(S,)) is discrete. To see this, let C
be as in the beginning of our proof and let U be a 1-neighborhood of G so that
Z(S,) N U= 1. Then the neighborhood N(C, U) meets 1 ;(Z(S,)) trivially. In
fact, let 8 € N(C, U) N T5(Z(S,)). Then x~16(x) € Z(S,) for all x € C because
0 is in the closure of 1 ;(Z(S,)) and Z(S, ) is a normal subgroup of G. Thusx~ 19(x)
€ UNZ(S,)= 1, which implies that § = 1 on C. Clearly =1 on G,. Hence 6 =
1 on G =GC, proving that T -(Z(S,)) is discrete.

REMARKS. 1. Regarding the reference to [2] (in our proof of Theorem 3),
the proof there used an invariant integral on functions with values in a compact
abelian group, which seems to require some further justification. For complete
proofs, see Hofmann and Mostert [Splitting in topological groups, Mem. Amer.
Math. Soc., No. 43 (1963), Theorem X] and also Grosser and Moskowitz [Com-
pactness conditions in topological groups, J. Reine Angew. Math. 246 (1971),
Theorem (1.1)].

2. Theorem 3 generalizes Iwasawa’s Theorem as well as the classical result
on semisimple analytic groups. See also [S, Theorem (4.3)] for a similar result for
a certain type of nonconnected groups with semisimple identity component. For
Lie groups, we have: If G is a compactly generated reductive Lie group, then
Ao(G) = 145(G,). This is an immediate consequence of Theorem 1 of §2.
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